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Abstract. We describe generally deformed Heisenberg algebras in one dimension. The condition for a
generalized Leibniz rule is obtained and solved. We analyze conditions under which deformed quantum-
mechanical problems have a Fock-space representation. One solution of these conditions leads to a g-
deformed oscillator already studied by Lorek et al., and reduces to the harmonic oscillator only in the
infinite-momentum frame. The other solution leads to the Calogero model in ordinary quantum mechanics,
but reduces to the harmonic oscillator in the absence of deformation.

1 Introduction

In the last few years considerable attention has been given
to quantum groups acting on noncommutative spaces [1].
They represent a generalization of the concept of symme-
tries. A number of papers have established a connection
between quantum groups, spaces, and g-deformed physics.
The main idea behind these connections is that the geo-
metrical coordinates obey generalized (braid) statistics. A
specific approach to g-deformed phase space has been in-
troduced by Schwenk and Wess [2] and Fichtmiiller et al.
[3]. In the light of these ideas, the g-deformed harmonic os-
cillator has been studied [4]. Alternatively, the g-deformed
harmonic oscillator based on an algebra of g-deformed
creation and annihilation operators has been studied by
Biedenharn and Macfarlane [5,6]. A unified view of de-
formed single-mode oscillator algebras has been proposed
[7,8].

A systematic approach to g-deformed Heisenberg al-
gebras in one dimension and higher dimensions has been
developed and applied to gauge field theories on noncom-
mutative spaces [9,10]. As the simplest example of non-
commutative structure, the one-dimensional g-deformed
Heisenberg algebra has been considered [2]. In addition, a
differential calculus entirely based on the algebra has been
derived. The laws of physics based on this calculus have
been formulated. The representation of the algebra has
been studied in the adapted quantum-mechanical scheme.

In this paper we generalize the one-dimensional
Heisenberg algebra in such a way that the momentum
in the z-representation is given by the function depend-
ing on one parameter or more parameters. General con-
ditions on this function are imposed and, specially, the
condition for a generalized Leibniz rule is obtained and
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solved. Our main goal is to investigate under which con-
dition the quantum-mechanical problem (deformed and
undeformed) can be presented in the Fock-space represen-
tation. For ¢-deformed quantum mechanics there is only
one solution constructed by Lorek et al. [4], satisfying the
Fock-space representation condition. However, we point
out that this oscillator reduces to the harmonic one in the
infinite-momentum frame.

We have shown that there is only one solution satis-
fying the Fock-space representation condition in generally
deformed quantum mechanics (approaching the simple os-
cillator in ordinary mechanics). This solution can be inter-
preted as the Calogero model in the harmonic potential in
ordinary quantum mechanics. Alternatively, the Calogero
model can be viewed as deformed harmonic oscillator.

The paper is organized as follows. In Sect.2 we de-
scribe generally deformed Heisenberg algebras in one di-
mension and discuss the generalized Leibniz rule. In Sect. 3
we analyze conditions under which deformed quantum-
mechanical problems have a Fock-space representation. In
Sect. 4 we find that the Calogero model can be interpreted
as a deformed Heisenberg algebra with a Fock-space repre-
sentation. Finally, in Sect. 5 we summarize the main result
of this paper.

2 Deformed Heisenberg algebras
in one dimension

In a series of papers [2-4,10-13] a formal calculus entirely
based on an algebra has been developed. Especially, the
g-deformed Heisenberg algebra has been considered. The
model is based on the g-deformed relations

q"Pap — gV Ppr = i4,
Ap = qpA,
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Az =q lzA, e R, g #0. (1)

Furthermore, the algebra has to be a star algebra to allow
a physical interpretation. The element z of the algebra will
be identified with the observable for position in space, the
element p with the canonical conjugate observable (called
momentum). Observables have to be represented by self-
adjoint linear operators in Hilbert space. This will guar-
antee real eigenvalues and a complete set of orthogonal
eigenvectors. Hence, the requirement is

r=x, p=0p.
Then, for g € R, ¢ # 1,

pr=i(g—q ") (q‘w/l - ql/Q/T) :
ap=ilg—q ") (qm/lfq*l/z/f)- (2)

Furthermore, the algebra is extended by A~!, =1, and it
is demanded that
A=A"1

A field f is defined as an element of the subalgebra gener-
ated by « and £~ !, and then completed by a formal power
series f(x) € A,. The above algebra A, (1), can be rep-
resented on A, in a natural way (the z-representation in
deformed quantum mechanics):

r—x, p— —iV,

d = d
N:xa, N:—ax:—l—N, Nz = nx™,
A=qg N2, (3)
Then

A= g N-1/2 Z N+1/2 _ g1
N _ —N :
v 1 _ - 511.1h(Nh)’ g=ce",
q—qt sinh(h)
Vg — sinh(.(N +1)h)
sinh(h)

(4)

Let us generalize the above algebra and consider its rep-
resentation in the following way:

xV = fp(N),

Vo=—fu(N) = =fu(N)==fn(=N = 1) = fu(N +1),

if fu(=N) = —fn(N). (5)
Then

V= %fh(N) :

We consider fj,(z) as a real function, with the restric-
tion fo(IN) = N as the continuous deformation parame-
ters h — 0. One easily finds

Va" = f(n)a" !, neZ, f(1)=1, f(0)=0.

For example,

V=1, Ve=0, Vf(z) = Vchxk = chf(k)xk_l.
k k
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Next, we consider what conditions the function f should
satisfy in order that a generalized derivative should satisfy
the generalized Leibniz rule [10]:

V(@) = (Va")(e(m)a™) + (p(-n)a")(Va™)
= fln+m) = f(n)p(m) + p(=n)f(m). (6)

The functions f(t), ¢(t) should satisfy the following con-
ditions in the undeformed case:

li t) =1, vt
hl_)mOQDh() , Vt,

li t) =t.

g, )

These conditions suggest a simple ansatz, ¢ (t) = cf; (1),
ie.,

QDh(_t) = (ph(t)7
flt+u) =cf@)f (u) +cf'(t)f(u),
f@2t) =2¢cf ()1 (1), cf'(0) = 1. (7)

The general solution is given by two one-parameter fami-
lies:

sinh(th) ch

sinh(h) ©n(0) = sinh(h) =1,

(1) fut) =
considered by Wess et al. [3,4,10] (connected with the
quantum-group consideration for ¢ € IR, ¢ = exp(h)),

and in(th)
(i) fu(t) = sin(h)

To our knowledge, this latter family has not been consid-
ered and might be connected with the quantum group for
q € S1, ¢ =exp(ih), h € R.

Remark 1. There are other solutions not covered by the
ansatz (7). For example,

on(t) = cos(th).

qt

sinh(th
o(t) = L q" for fn(t) = smh((h))
TE9— = cosh(th)
and
q" :
. sin(th
444 — = cos(th)

Other solutions of the initial Leibniz condition are not
known to us at present.

Remark 2. For ¢ € S1, q = e*, h € IR, the corresponding
algebra is

q"ap — ¢ ?pr = iA,
Ap = qpA, Az = q_lx/l,
=z, p=p A=A=q V2

1sin(Nh) sin
x sin(h) ’ (k) 7 0.

<
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The general function f(t), with the conditions f = f,
f(t)—odd, can be written as

oo

FIN) = NP1 (8)

k=0
Now, we define the Hamiltonian in one dimension as
L, Lo

HY = igLT/ =FEV.
ot

The simplest examples of dynamics are given by the fol-
lowing cases:

(a)The free Hamiltonian with V(z) = 0,

— [f(n)]V
[f()lt = f(n)--- f(2)f (D),
v [elm]f =1ip [elpw]f , p € R 9)

(b) The quadratic potential V (z) = x2.

Remark 3. Orthogonality, completeness, and g-deformed
integrals can be considered analogously as in [10].

3 Fock-space representation
and one-dimensional quantum-mechanical
problems

We consider a class of deformed quantum-mechanical
problems in one dimension which allow the Fock-space
representation of a deformed single (one-dimensional) os-
cillator. The Hamiltonian is given by

1 1
H = §p2 +V(z)= —§V2 +V(x),

V= 1f(N), N:xi.
x

e (10)

We assume that the spectrum is discrete and bounded, i.e.,
that there exists a ground state with the lowest energy Ej:

HW, = E,W,, n € N,.

Then we pose the question which class of potentials V(z)
(for the fixed deformation f(NN)) leads to the deformed
oscillator with the Fock-space representation in the fol-
lowing way:

H =da'a+ Ey,

a'a = E(N) — Ey,

[N,a] = —a, [N,aT] =af,
a=F(p,a,N), ¥, = (a')"(0), ¥ = |0),

al0) = a¥y =0, (11)
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where a' is the Hermitian conjugate of a, af # a.

Remark 4. There is a class of problems which can be
mapped onto the oscillator problem [14,15]. However, here
we insist on the Fock-space representation.

If
In) = (a")"[0), n € No, (nn) >0, ¥n € No,
a'a = E(N),
and
a'a(a’)"|0) = E(n)(a")"|0),
then

a(a")"0) = E(n)(a’)""*|0) +|v), alv) = 0.
This would imply that for some p
(a®)?=10) # 0, and (a)?|0) = 0,

in contradiction with our initial assumption that |n) #
0, Vn € Ny. Hence

a(a')"|0) = E(n)(a")"|0),

ie.,
aa’ = BE(N +1).
Hence, the two Hermitian operators afa and aat commute:

[aat,a’a) = 0. (12)

The opposite is also true. If aa’ # a'a, [aa’,afa] = 0, and
al0) = 0, then we simultaneously diagonalize the Hermi-
tian operators a'a and aa®. Assuming the discrete spec-
trum, we have

afaln) = ¢(n)[n),

aa’|n) = (n)|n), n € Ny, (13)

with ¢(n), ¥ (n) bounded from below. Starting from any
state |k), we have

CLTLL|IC> = C)Ok‘k%
aat k) = vilR). (14

Then
ata(a’|k)) = alrlk) = p(k)al|k).

Since [aa',afa] = 0, we have
aa’(a¥[k)) = Y (k')a"|K).
In the same way we find
a'a(alal (k) = a'y(K')a'|k) = (k") (a'al)[k),

and
aa'(a'a'[k)) = ¥ (k") (a'a)|k),

etc. Hence, the whole set of eigenstates can be split into
a (finite or infinite) set of “bands” of the type

{(@")™[k1), -+, (@")"|ka), -~ In € No}.
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Remark 5. The procedure can go in the opposite direction:

aa(alk)) = ap(k)|k) = Pjalk),
a'a(alk)) = Galk),

aa'(aalk)) = ag" (k)alk) = 4" (k)aalk).

Hence, the necessary and sufficient condition for the one-
dimensional quantum-mechanical problem to allow a
Fock-space representation is [aa',afa] = 0, (0laa’|0) >
0, (aa® # a'a). If aa’ = a'a, a|0) = 0, there is no other
state except |0).

3.1 Undeformed (ordinary) quantum-mechanical
problems in one dimension

Let us apply the condition for the Fock-space represen-
tation (12) to undeformed quantum mechanics, with the
following ansatz:

Vaa=iptw(z) = < +w(a),
VEd = —iptae) =~ (@) (1)
That gives us
d? d _ d
2a' a——ﬁ+|w(x)| —ﬁw(x)—i—w(x)a,
d? d d
- o 4o —wi L
2aa ) + Jw(x)|* + dzw(gc) w(x) i (16)

For the real function w, these equations lead to

dw 1 d2 1
[HO’d } =0 Ho=—392"13
dw d2

d? [dw _dwd _,
dz? \ do de da2 7

d
"oy 9 7_0
w + w' a1z

1
w?(e)? = ;{aa'},

au
dx?
where a, 8 € R.

Next, we consider two special cases with the complex
parameters « and (:

=0 = w=ax+0, (17)

(i) ﬂa=%+ﬁ7

d -
ﬂaT:—d——&-ﬁ,
d? d ~d
ty - _ 2 54 54
2ala = =5+ =B + 0
1/ d 5 . d
H—2< +ﬁ|>—1\smﬂdx,

Ref=0 = aaT:aTa7
ImpB=0 = aal =dla,

2 ~d d
24+ B8— —B— =24
+10] ﬁdx ﬁdx aa

- (18)

2aat =
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Since aa’ = a'a, and a|0) = 0, there is no Fock-space
representation.

d
(i) V2a = ip + ax = — + za,

dx
d
V2at = —ip+ za = —— + za,
dx
d? d
T 2,2 ~
2a'a = — e — +lalz aaxqta?a@,
d? d d
2aa’ = e + |a?z? +o‘z£x —zag,
d
2a'a = 2Hy — a — 2iSm az—,
dx

d
2aa’ = 2Hy + a — 2iSm oz = 2ata + (o + a).
X
(19)

Hence, the Fock-space representation exists if o # 0. In
the limit o — 0, there is no Fock-space representation.

3.2 g-deformed quantum-mechanical problems
in one dimension

Let us apply the conditions [aaf,afa] = 0, (0laa’|0) # 0
to the operators a, a' in (11), which satisfy the g-deformed
Heisenberg algebras, (1) with ¢ € IR, (satisfying the Leib-
niz rule). We generalize the above considerations with a
natural (linear) restriction:

aa' —uga'a = vy, ug,v, € IR, (20)

and ug =+ 1, vg — 1 when ¢ — 1.

Remark. Generally, it could be the case that aa® =
S ck(ata)k.

Then the conditions (0]aa’|0) > 0 and [aa’,afa] = 0
are obviously (automatically) satisfied if v, > 0 (or ¢o >
0).

(i) A simple ansatz is

a*Fl(N)Jr Fy(N)p,

= Fi(=N = 1) + pF>(=N - 1). (21)

Then

al = Fy{(N)Fy(=N — 1) + pF5(N — 1) F;(—N — 2)p
+ pFi(N —1)F5(—=N — 1) + Fi (=N — 2)F>(N)p,

ala = Fy(N)F (=N — 1) + pFo(N)Fy (=N — 1)p

+ pFi(N)F2(=N = 1) + Fi(=N = 1)F2(N)p, (22)
In order to obtain relation (20), it is necessary that
Fi(N)Fi((=N = 1) = |a?,
Fy(N)Fy(=N =1) = |8, a, 8 € C. (23)
A simple solution for F5(N) is
Fo(N) = BgV+172, > 1. (24)
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Then, in order to cancel the terms with p? and p, we obtain

Fy(N) = ag®Nt1/2), (25)
since
Fy(N = 1)Fy(—N — 2) = |B|2q(N /2 gl=N=3/2)
= q ?Fy(N)Fy(—N - 1),
Fi(N —1) = ¢ *Fi(N). (26)

Hence the g-deformed algebra is identical with that of [4—
6]

aa' —q2dla=(1-q¢?)|a*=1, ¢> 1. (27)
Note that in the limit ¢ — 1, o = const, we find aa! = afa

and there is no Fock-space representation for ¢ = 1. The
Hamiltonian H = a'a is given by

= |o|® + |8*p* + afpg" T/? + hec.,
1 1 1
H = +,2+7 N+1/2+h.c..
R ERVC I
(28)
The vacuum state (a|0), = 0) is given by
(aq2(N+1/2) + 5(1N+1/2P) Z cpat =
aZc q2(k+1/2 lﬁchqk 1/2 -1,
(29)
where ) )
q° —q
k] = fk) = ——.
(k] = f(k) =
The recursion relations are
acp?*tH1/2) — iﬁck+1qk+1/2[k +1]=0,
k+1/2
aq
C = — Cl. 30
k41 1ﬂ[k+1]k (30)
We find that
k —2k
« —q
= (= h k} = T—, 2 31
* (iﬂ) {k}'CO’ where === B
Hence the vacuum is
k oo (i 172\
i q'? (lp()q ff)
—%z( o) =0
(TP STy
o

When p is fixed and ¢ — 1, then

[0)g — elPo?,
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However, in this limit we obtain the free Hamiltonian
boosted by po = —a/f3, and aa’ = a'a, so there is no Fock-
space representation. Namely, in the limit ¢ — 1, a =
const, we obtain

(a + Bp)e?® = (o + Bpo)e™” = 0 = py = —%7
and there is no Fock-space representation.

Only in the limit |a| = 1/(1 — ¢=2)'/? — oo, i.e., in
the infinite-momentum frame, could one have the ordinary
harmonic oscillator picture [4]. We show (see Appendix)
that in the infinite-momentum frame:

« [ 2
:——::l: _—
Do 6 1_q727

_ 2
lim e '7°%|0), = coe™® /2,
Po—00

a—j:—x:tl— m=w=1.

V2 V2

Generally, if |a?> =1/(1 — ¢72), ¢ > 1, one obtains [4]

(33)

—2(Ng+1
aat = ¢ 2NtV B 4 1—q )’
1—q2
1— q—QNO,
fa=q¢ 2N By + ——— 34
a a q o+ 1— q72 ) ( )
where
[Na,a] = —a, [Ng,al] = dl,
1
T = = 1 T =
a'al0) = Ey|0) =0, nlgr(;(n|a aln) 2 > 0.

Hence, Ey = 0 defines an ordinary Fock-space representa-
tion with the bounded spectrum. Any Ey > 1/(1 — ¢~2)
defines the representation with the unbounded spectrum
and with the states (a!)”|Ep), a"|Eo), n € Ny. If Eg <
1/(1 — ¢=2), the eigenvalues of the states a"|Ey) would
have values unbounded from below for n — oo. Only if
Ey = (1 —¢?)/(1 —q?%), n € Ny, then the lowest
eigenvalue is zero. The limit ¢ = 1 reduces to the case of
ordinary harmonic oscillator with afa = N.

(ii) In the g-deformed quantum mechanics [10,4] defined
by (4) we try to find such a Fock-space representation
that leads to the ordinary harmonic oscillator picture in
the limit ¢ — 1. Hence, we take a simple ansatz in the
following form:

a= f(N)z+ig(N)p,

af = 2f(—=N = 1) = ipg(~N — 1), (35)

where f(N), g(N) are complex functions and for ¢ — 1
these functions tend to 1/2'/2. We find that
a'a=xf(=N —1)f(N)z+pg(—N = 1)g(N)p
+izf(=N —1)g(N)p —ipg(—-N — 1) f(N)z,
aa’ = f(N)2* f(=N — 1) + g(N)P g(=N-1)
+ig(N)pa f(=N —1) = if (N)apg(—N —1). (36)
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A simple analysis shows that in any linear combination of
aa' and a'a one cannot eliminate all terms on the right-
hand side of (36) in such a way as to obtain a constant.
Namely, one can eliminate the terms with 2, p?, but the
terms with zp (or px) remain (unless f, g are constants
and p = —id/dx). Generally, one can simultaneously elim-
inate only three of the four terms (22, p?, xp, px), and the
condition [aa',a’a] = 0 is not satisfied. For example, if we
take the Hamiltonian with a quadratic potential, we have

1 sinh(hN)
= —.v = -
P ' x sinh(h) ’
V2a =z +ip, V2a! =2 —ip,
1
H= §{a7a7}.

Since [aa', aTa] # 0, there is no Fock-space representation.
Therefore, in the g-deformed quantum mechanics [10,4]
given by (35) there is no deformed harmonic oscillator that
goes to v/2a = z+ip in the limit ¢ = 1. Having in mind the
results of Sect. 3.2, it seems that there is one g-deformed
oscillator, (21), that leads to the ordinary harmonic os-
cillator only in the infinite-momentum frame, (33) (other-
wise it leads to the free Hamiltonian without a Fock-space
representation). Our conclusion is that for the deformed
momentum p = —iV, with V satisfying the Leibniz rule
(6), there is no natural generalization of the creation and
annihilation operators af and a leading to the ordinary
harmonic oscillator operators, (33), in the limit ¢ — 1.

4 Calogero model as a deformed Heisenberg
algebra with a Fock-space representation

Let us now investigate the structure of the V operator in
order to get the deformed Heisenberg algebra with a Fock-
space representation. Assuming that the creation and an-
nihilation operators depend linearly on 2 and V (as in the
harmonic oscillator model),

a =

1
V + ),
(v +2)
al = —=(-V +uz),

=

(37)

S

and insisting on the consistency condition (12), we easily
obtain
[-V? 42 f(N +1) — f(N)] =0, (38)

where the function f has been introduced in (5). Conse-
quently, the function f is an identity

f(N) =N, (39)
or satisfies the condition
FIN+3) = f(N+2)=f(N+1) = f(N). (40)

The first possibility leads to the well-known case of unde-
formed harmonic oscillator, while the second one gives

F(N) = N + hsin(xN). (41)
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The V operator can now be expressed as

h
V =0+ —sin(nN). (42)
x
Note that the V operator does not satisfy the generalized
Leibniz rule (6). The annihilation and creation operators
can be rewritten as

o= % <3+Zsin(7rN)+a:>,
al = % (—a— %Sin(wN) +x> .

The Hamiltonian can now be expressed as

.’11‘2

1 1
H=ala= —5824— 33 + hsin(7N)
2

h h
+ ) sin(mN) + 257 sin?(7N).

(44)
This is in fact the Calogero two-body Hamiltonian [16]
with the harmonic potential, where & denotes the relative
coordinate = x1 — 5. Namely, the action of the sin(w V)
operator on the single power of z, say z*, reduces to

sin(rN)z* = sin(w\)z?. (45)

It can be shown that the eigenfunctions of the Hamiltonian
are given by

Unl) = 2 mem 2 = (@) o(e)  (46)
and the corresponding eigenvalues by
en =n+v[l—(—)"], (47)
where v = —hsin(nv) and n is an integer, n > 0 [17]. This
gives for the function f:
f(N) =2V =N + hsin(nN) = N — Vm. (48)

By acting on the eigenfunctions (46), we can further sim-
plify (48) to

vsin(m(v +n))

V=N - =N—-v(—)"=N-vK, (49)

sin(7v)

where K denotes the so-called exchange operator, which,
in our case, reduces to the sign flip.

Let us now generalize the above results to the case of
N particles. We shall postulate that the N-particle version
of the deformed derivation (49) is given by

zi;Vij = Nij — VK (50)
for each pair of indices, where
Ty = X — T,
Ny = @y 61)

jﬁxij
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Here, K;; denotes the particle permutation operator,
obeying

Kijrij = —xi; Kij,
K;; = Kj;,
KijKj = KjKi;; = Ki K,
K =1 (52)

The operators V;; satisfy the following commutation re-
lations:

[Vij, wik] = 0(1 + vKij) + v Ky,

v 0 0

K — =

Tij * <8.’Ejk &mk)
v 0 0
K — —

+ Tik ik (89:13 8’ij)

1 1
+ 12 ( - ) Kij K. (53)
TijTik  TikThj

Other commutators (i.e., commutators between the ob-
jects with pairwise noncoinciding indices) can be calcu-
lated from the set given above (53). Furthermore, we de-
fine that the covariant derivative with respect to the ith
particle is given by

[Vij, Vik] =

N

J#i

(54)

The transition from the original set of variables {z;} to
the new set of independent variables {x;;, X}, where X
denotes the center-of-mass coordinate,

| N
enables us to rewrite the sum (54) as
N
0 1 9 1
Ve 2Vt g T wNox gt 09

In order to get rid of the center-of-mass degree of freedom,
we finally redefine the covariant derivative (54) as

1 0
D;=V;+ —

N oX' (57)

Having in mind (53), it is easy to see that the covariant
derivation D; and the coordinate x; satisfy the commuta-
tion relations

[Di, D;] =0,

i, 2] =0,
N

[Di,l‘j] = 6ij <1 + Z/ZK“> — Z/I(ij7 (58)
=1

identical with those given in the paper [18].
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The creation and annihilation operators can be con-
structed as

1
t
a;, = —=(—D; +x;),
i \/5( )
1
a; = —=(D; + x;). 59
ﬁ( ) (59)
The Hamiltonian can now be expressed as
N
H=>Y dla,. (60)
i=1

From a series of algebraic manipulations, using the prop-
erties of the particle permutation operator K;; (52), the
Hamiltonian (60) takes the form

N
1 ) 1
H:izz:: D —I—JZ iz::[Di,in}
N
o 1 ]. (l/ — K”)
N 2Z 24 er Z (x; — xj)?
i=1 25 :
9 N
v 1
- K K
2 _g_;él (x; —xj)(xj — ) 7
N
IS D), )
i=1
Finally, using the identity
N
1
=0 (62)
i;j;él (@i — @) (25 — @)

and the commutation relation (58), we obtain the Hamil-
tonian (61) in the form

1 -
H:—igaf Zx + 4= Z @ _xj

N
1
—52 1+VZK” (63)
J#i
Noting that the operator K;; gives 1 and (—1) in the

bosonic and fermionic subspace, respectively, we finally
obtain

1 N
H:ﬁ;a@?

N v
~ FINN-1
5 T3 ( )s

Z»HZ

lséj 75)
(64)

where the upper and lower sign refers to the symmetric
and antisymmetric functions, respectively. This is simply
the Calogero model for NV particles in the harmonic po-
tential with the frequency w equal to 1 [19].
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5 Conclusion

We have generalized the ¢-deformed one-dimensional
Heisenberg algebra [2-4,10-13], to arbitrary deformations.
We have discussed the conditions leading to a generalized
Leibniz rule. We have found two classes of solutions: one
already studied by Wess et al. [2-4,10-12] and the other
for ¢ = exp(ih), h € IR. Furthermore, we have given a
simple condition that the one-dimensional problem should
have a Fock-space representation. In ordinary quantum
mechanics, this condition leads to the ordinary harmonic
oscillator. We have applied it to the special deformation
V = sinh(hN)/xsinh(h), N = zd/dz, considered in [2-
4,10-13]. We have found only one solution leading to a
g-deformed oscillator [4], which reduces to the harmonic
oscillator only in the infinite-momentum frame.

Finally, we have imposed the condition for a Fock-
space representation on a ~ V+z, af ~ —V4z and found
that the solution for V is ~ N + hsin(7N), N = zd/dz.
This leads to the two-particle Calogero model in ordinary
quantum mechanics. We have also found the generaliza-
tion of the N-particle Calogero model in ordinary quan-
tum mechanics. It is interesting that we have found no
other example of deformed quantum mechanics with a
Fock-space representation. It would be interesting to find
the corresponding two-dimensional oscillator in the quan-
tum plane.
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A Appendix

Expanding the plain wave in power series and using the
structure of the vacuum (32), we have

n
_‘px|0 =y E —i)"pya” E

k:O

|{k}tq b2 (69)

To control the infinite momentum pg, we expand it around
the undeformed point ¢ = 1+ h, with h as an infinitesimal
small quantity. The momentum py goes to infinity as

1

P:—m-

To proceed, we have to expand the sum

ful) =30 0
" pors (n—k){k}!

into a power series of h = q — 1:
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It is easy to see that the mth derivative of the function
f(g) with respect to ¢ is given by

n

Z lklpzm(k)’

k:O

f(m)

where Py, (k) is some polynomial in k of order 2m. Using
the identity [20]

n

E S(k)—O for n > m,
_ ' ' m
= (n k!

we find that fr(bm)(l) vanishes for m < n/2 and n even,
and it is different from zero for m > n/2. For n odd,

say n = 21+ 1, f{™(1) vanishes for m < [ and the first
nonvanishing Value appears for m = [ + 1. Consequently,
e 'Po7|0), is given by

e—ipow|0>q = co Z(l)nh_
n=0
=c Z(l)”x" Z
n=0

m=0

> pm
3
hm—/

/(). (66)

For n odd, this expansion goes to zero as h'/2, while for
n even, it reduces to

(n/2)<1)

COZ n z" nn)|

(67)

(m)

Since {7"} 1 goes like 7™*1, the dominant term of fy
is given by
k A™ k2
(Z{T}> % m <k <n. (68)
= {ry) (k!

One easily finds that the sum over r in (68) is given by

i {ry __k(k—1)
r=1 {T} 2
Hence, it follows that

1

f(n/z)( 1) = CTIER (69)

Substitution of the expression (69) into (67) results in the
Taylor expansion for exp(—z2/2).
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